We explore the complementarity of weak lensing and galaxy peculiar velocity measurements to better constrain modifications to General Relativity. We find no evidence for deviations from GR on cosmological scales from a combination of peculiar velocity measurements (for Luminous Red Galaxies in the Sloan Digital Sky Survey) with weak lensing measurements (from the CFHT Legacy Survey). We provide a Fisher error forecast for a Euclid-like space-based survey including both lensing and peculiar velocity measurements, and show that the expected constraints on modified gravity will be at least an order of magnitude better than with present data, i.e. we will obtain ≃ 5% errors on the modified gravity parametrization described here. We also present a model-independent method for constraining modified gravity parameters using tomographic peculiar velocity information, and apply this methodology to the present dataset.
I. INTRODUCTION
The discovery of the cosmic acceleration [1, 2] a decade ago has forced cosmologists to modify their simple picture of the Universe, i.e. a universe dominated only by matter and described solely by General Relativity (GR). Over the last ten years, physicists have suggested two main avenues for explaining the late-time acceleration of the Universe. The first is the introduction of Dark Energy (DE), with an effective negative pressure, which dominates the late-time energy density of the Universe thus causing the acceleration. An alternative explanation is to modify the law of gravity on large scales thus altering the predicted expansion history of the Universe to be in line with the observations. In this paper, we focus on this latter explanation for the cosmic acceleration and present combinations of observables that can be used to test the validity of GR on cosmological scales.
General Relativity is a metric theory of gravity that can describe the relationship between matter perturbations, gravitational potential and space curvature perturbations. Several authors have shown that by combining various probes of the large-scale structure in the Universe, it is possible to test the relationship between these quantities which, in the linear regime, can generally be described by two functions of time and scale [3] [4] [5] [6] [7] [8] [9] [10] (see [11] for a review and references therein). For example, several recent attempts have been made to constrain parameters associated with these two functions using the latest weak lensing measurements [12] [13] [14] [15] and these current analyses appear to be consistent with GR once systematic errors are taken into account. However, these current constraints on Modified Gravity (MG) parameters are still weak, especially as there are degeneracies between the parameters that cannot be broken by weak lensing measurements alone.
We show in this paper that these degeneracies can be broken through a combination of weak lensing (WL) and peculiar velocity (PV) measurements (see [16] for an earlier approach). This is motivated by the fact that the WL experiments probe the lensing potential, which determines the trajectories of photons through the Universe, while PV measurements probe the gravitational potential that governs the dynamics of galaxies independent of their galaxy bias. A combination of these two observables can, in principle, simultaneously measure the MG parameters used to describe the possible modifications to the relationships between the metric perturbations defined in GR [3, 4] . This paper is organized as follows. In Section II, we introduce the two MG parameters that describe the relationships between the GR metric perturbations. In Section III, we use current observational data to present constraints on these MG parameters. In Section IV, we perform a Fisher matrix error forecast for a future Euclidlike space-based DE mission, while in section V we discuss a new method for extracting model-independent information from PV measurements. We conclude in Section VI.
II. MODIFIED GRAVITY PARAMETERS
Linear metric perturbations around a background Friedmann universe are described by the line element in the Newtonian gauge
where Φ and Ψ denote the space curvature perturbation and the gravitational potential respectively. The dynamics of pressureless matter fluctuations are determined by energy-momentum conservation, and are given bẏ
where k is the wavenumber of the perturbations, δ is the energy density contrast, θ is the divergence of the velocity perturbations, and the overdot denotes the derivative with respect to the physical time t. In this paper, we only consider perturbations on sub-horizon, but linear, scales (i.e. H ≪ k/a 0.1 h/Mpc). Two additional equations, which need to be provided by a theory of gravity, are required to solve the evolution equations for the four scalar perturbations given above (Φ, Ψ, δ and θ). In this paper, we use the following modified gravitational equations to parametrize possible modifications from the expected GR relations between these perturbations (see [8] , and references therein, for a discussion of the various possible parametrizations),
where G is the Newton constant measured in a Cavendish-type experiment. Here, the function µ characterizes a modification of Newton's constant in both space and time, and the Σ function describes a modification to the lensing potential Φ − Ψ, again with space and time.
Since µ affects the gravitational potential Ψ, it changes the growth rate of density fluctuations δ via Eqns. (2) and (3). Weak lensing measurements probe the lensing potential, and are thus affected by both Σ and µ (via δ). Therefore there is a degeneracy in the constraints on Σ and µ from WL. On the other hand, peculiar velocities of galaxies are determined by the gravitational potential Ψ through the Euler equation, Eqn. (3), and are thus affected by µ but not by Σ. Therefore, the combination of WL and PV measurements can break the WL degeneracy between Σ and µ, and allow cosmologists to probe these two functions separately. Furthermore, [17] recently studied the theoretical priors on µ and Σ from scalar-tensor gravity theories, clustering dark energy models and interacting dark energy models, and showed that each of these theories has a distinct path in the µ-Σ parameter space thus providing the opportunity to distinguish between these possible theoretical models.
For the purpose of highlighting the key features of the combined constraints, in the following sections we use a simplified parameterization of Σ and µ given by
where s specifies the power of the assumed time variation of Σ and µ, and Σ s and µ s are constants. In Section IV we will consider two cases, s = 1 (the linear model) and s = 3 (the cubic model). The linear model is motivated by DGP [18] [19] [20] , while the cubic model is motivated by general plausibility arguments that µ may change in proportion to matter density [12, 21] . The parametrization in Eqn. (6) assumes that Σ and µ are scale independent. It should be emphasized that this is simply a restriction that arises when using the current data sets. It has been shown that the WL data is far more sensitive to scale-dependent modifications to GR [7, 8, 14] . Moreover, the PV observations we use in Section III assume that the growth rate is scale-independent [22] , and therefore this data cannot be used for tests of scale-dependent models. In order to make a consistent comparison between current errors and future forecasts, we also do not consider the scale-dependent models in our future forecasts in Section IV. A comprehensive forecast of general scale and time dependent MG constraints from future PV measurements will be presented separately [23] .
III. CURRENT CONSTRAINTS
In this section, we present the current constraints on µ and Σ defined in Section II from the weak lensing measurements of the CFHT Legacy Survey (CFHTLS) [24, 25] , and PV measurements obtained from Sloan Digital Sky Survey (SDSS) Luminous Red Galaxies (LRGs) selected from their Data Release Seven (DR7) [22] .
A. Weak lensing measurements
The WL shear power spectrum is equal to the convergence power spectrum given by [6] 
where ∆ 2 R denotes the primordial curvature power spectrum, χ(z) is the comoving distance and the window function for WL is defined as
we can obtain the E-mode component of the shear correlations ξ E via [26] ,
where J 0 is the Bessel function of the first kind.
For the WL observable, we use the ξ E data from the CFHTLS-Wide survey, presented in [24] ; this is derived from shear measurements for 2 × 10 6 galaxies with magnitudes 21.5 < i AB < 24.5 in a 35 sq. deg. effective area. We note that there is a modest systematic effect in the CFHTLS data, due to residual field-to-field variations in shear estimation on the scale of the camera field of view [14] .
We estimate the data covariance matrix using the Horizon simulation as described in [27] , section 3; we measure the covariance of correlation functions in 75 patches of area 16 deg 2 , and estimate the combined covariance including shape noise and large-scale structure covariance using the results of [28] . To model the galaxy distribution function n(z) for the CFHTLS sample, we follow [24] in using the parametric form
where A, B and C are nuisance parameters to be marginalised over. We wish to avoid strongly non-linear scales in modified gravity, as these cannot be treated properly without using N-body simulations; we therefore remove from our analysis the ξ E data in the highly non-linear regime, namely θ < 30 arcmins.
B. Peculiar velocity measurements
The coherent peculiar motions of galaxies can be statistically estimated through the measurement, and modeling, of the large-scale redshift-space distortions [29] . The radial peculiar velocities can be expressed as a onedimensional velocity dispersion, σ v , as discussed and defined in [22, 30] , for which
where P ΘΘ is the three-dimensional power spectrum of Θ = θ/aH, and σ v has units of h −1 Mpc. In [22] the one-dimensional velocity dispersion of galaxies was determined from the two-dimensional two-point correlation function of SDSS DR7 LRGs, and was found to have the values σ v = 3.01
Mpc at a mean redshift of z = 0.25, and σ v = 3.69
Mpc at a mean redshift of z = 0.38. We will therefore use these values of sigma v as our PV observable. We should note that these measurements assume a flat ΛCDM background, i.e. a dark energy equation of state fixed at w = −1. This is a valid constraint in our study, since the background expansion is known to be close to ΛCDM, and generically a modified gravity can mimic this expansion while having a different structure growth history. Therefore the constraints on modified gravity in this study come from structure growth.
C. Current constraints on µs and Σs
In this section, we present the current constraints on the MG parameters discussed in Section II from the available WL and PV data discussed above. In detail, we vary the following set of parameters,
where ω b ≡ Ω b h 2 and ω c ≡ Ω c h 2 are the physical baryon and cold dark matter densities relative to the critical density respectively, Θ s is the ratio (multiplied by 100) of the sound horizon to the angular diameter distance at decoupling, τ denotes the optical depth to re-ionization, n s and A s are the primordial power spectral index and amplitude respectively, and Σ s and µ s are the MG parameters for our scale-independent parametrization from Eqn. (6) . We also vary, and marginalize over, several nuisance parameters denoted by N when performing our likelihood analysis, including three parameters (A, B, C) We present the mean, 68%, and 95% confidence limits for the modified gravity parameters shown in Eqn. 6 for both s = 1 and s = 3. We provide constraints based on using the weak lensing (WL) and peculiar velocity (PV) data alone, as well as the combination of these two measurements (PV+WL). We only provide 95% confidence limits for the WL-only constraints on µ1 and Σ1.
for WL data, associated with the galaxy distribution n(z) in Eqn. (9), and one for supernovae, which accounts for the calibration uncertainty in measuring the supernova intrinsic luminosity. Finally, we assume a flat ΛCDM background cosmology (as discussed in section B).
Given the set of cosmological parameters P in Eqn. (11), we calculate the expected observables including the CMB shift parameters [31] , the luminosity distance for supernovae, the growth factor for PV (Θ) and the E-mode component of the weak lensing shear (ξ E ) using MGCAMB [6] . We then constrain the model parameters by comparing these predictions with the PV and WL data discussed above, as well as available SNe from the UNION-2 sample [32] and CMB shift parameters derived from WMAP seven year data [31] , using a version of the Markov Chain Monte Carlo (MCMC) package CosmoMC [33, 34] modified to include our extra parameters.
The left panel of Fig. 1 shows our constraints on Σ 1 and µ 1 for the s = 1 model. In this particular model, any departures from the GR value of µ = 0 would appear at relatively high redshift and hence the effect on the density contrast δ is more prominent than for the s = 3 model. One can see a strong degeneracy between µ 1 and Σ 1 in the WL constraints: if µ 1 is large, the growth rate is enhanced, which can be compensated for by decreasing Σ 1 . However, this degeneracy does not continue if Σ 1 drops below −1; since the WL observables depend only on the square of Σ, a large negative value of Σ 1 will actually enhance the lensing signal and can no longer compensate for enhanced growth due to large µ 1 . For negative µ 1 , the growth rate is suppressed and this can be compensated for by increasing Σ 1 . In this case there is no upper bound for Σ 1 , and no lower bound for µ 1 .
The right panel of Fig. 1 shows the constraints on the parameters for the s = 3 model. In this model, µ is now modified at relatively low redshifts, so the effect of varying µ 3 on the lensing measurements is weaker than in the s = 1 model above. As a consequence, the WL constraints now become more vertical in the Σ 3 −µ 3 plane as essentially only Σ 3 determines the WL signal.
Overall, Fig. 1 shows the usefulness of using PV to break the Σ−µ degeneracy inherent in using just the WL measurements. For both models considered, the combined (blue) PV+WL contours are substantially tighter than those obtained from using either the PV or WL measurements alone.
In Table I , we present our measurements of Σ s and µ s for the combined WL and PV analysis, as well as measurements using the datasets separately. Again, we see significant improvement in the constraints on Σ s and µ s when the two datasets are used together as illustrated in Fig. 1 . For example, using both PV and WL data together, we obtain µ 1 = −0.002 ± 0.59, Σ 1 = 0.11 3) at the 95% confidence level, which is fully consistent with the expectation for GR (i.e., µ 1 = µ 3 = Σ 1 = Σ 3 = 0) although the errors are large, especially for the cubic model.
IV. FUTURE FORECASTS
In this section, we provide joint error forecasts on Σ s and µ s from a future space-based DE mission such as Euclid [35] .
A. Fisher matrix analysis
The shear two-point functions and PV measurements depend not only on the MG parameters (Σ s , µ s ) but also on the background cosmological parameters and the primordial power spectrum. We do not assume that these quantities are known, but instead assume that CMB data and supernova Type Ia (SNIa) measurements will be available to help constrain them. For the CMB power spectra, we include in our analysis the (unlensed) C l spectra of temperature-temperature, temperaturepolarization and polarization-polarization and use the expected errors for the Planck survey [36] . We include constraints from a deep space-based SNIa experiment [37] with observations of 3000 supernovae with median z ≃ 0.8, and assume that the SNIa evolution uncertainty is well understood. In the forecast, we treat (ω b , ω c , Θ s , z reion , n s , A s ,w 0 , w a , µ s , Σ s ) as free parameters with mean values of the WMAP7 best fit where the dark energy equation of state is modeled as w(a) = w 0 +w a (1−a) and z reion is the re-ionization epoch.
To calculate the expected errors on these parameters, we make a first-order Taylor expansion for the parameter dependences of all the observables (CMB, SN, cosmic shear two-point functions and PV). In this "linear response" approximation, given the expected experimental errors on the power spectra, we can easily calculate the expected error covariance matrix as the inverse of the Fisher matrix. This "linear response" approximation (using the first order Taylor expansion) can be improved with a careful choice of the parameters including Θ S [38] .
We consider a future WL survey such as Euclid [35] covering 20,000 square degrees with sufficient optical and infra-red sensitivity to yield a galaxy density of 35 galaxies per square arcminute [39] . We also assume five redshift bins, with a spacing of ∆z = 0.4, and an underlying redshift distribution of dn/dz ∝ z 2 exp [−(z/0.64) 1.5 ] [39] . The contribution to a Fisher matrix from the shearshear correlations is then given by
where C a,b l is the angular cross-power spectrum between redshift bin a and b, W is the inverse of the total convariance matrix, and the subscript p denotes differentiation with respect to a particular cosmological parameter [40] .
Using spectroscopic redshift measurements, we are able to isolate the PV power spectra from the redshift-space power spectrum P obs g (k) of a galaxy redshift survey. The latter is commonly modeled as [41] 
where Θ = θ/aH, c is the cosine of the angle to the line of sight, P gg is the true galaxy power spectrum, P ΘΘ is the peculiar velocity power spectrum and P gΘ is the galaxyvelocity cross spectrum. The separation of P gg (k) and P ΘΘ (k) is made possible using the angular dependence of P obs g (k). In order to obtain cosmological constraints from the peculiar velocities, we need to understand the error covariance matrix of the observables. We estimate this using the Fisher matrix [42] 
where α and β both run from 1 to 2 and denote P gg and P ΘΘ respectively. Note that in the linear regime P gΘ is simply the square root of the product of P gg and P ΘΘ , so we take this to be the case in this work. The effective volume V j eff in each redshift bin j is given by
where n j is the shot noise term coming from the finite galaxy density, and V survey (z j ) is the survey volume in a given redshift bin. On large scales, the cosmic variance term dominates over the shot noise term and V eff (k i , µ, z j ) is nearly identical to V survey (z j ). For our estimation, we consider a 20000 sq deg Euclid-like survey with H-α emitter number density as a function of redshift given by [43] (Table 2, erg s −1 cm −2 ). Following the above estimation of P gg , P ΘΘ and their errors, we can then constrain the cosmological parame- ters from the decomposed P ΘΘ . (Here we elect not to use P gg on account of the bias). The Fisher matrix for cosmological parameters, using the peculiar velocity spectrum, can be written as [44] 
where i denotes k bins up to k = 0.1 h Mpc −1 , and j denotes redshift bins from z = 0 to 2 with spacing ∆z = 0.2.
B. Future forecasts
In this subsection, we study the constraints on the MG parameters in three different scenarios: 1) we only vary the parameters Σ s , µ s , fixing all other cosmological parameters; 2) we vary all cosmological parameters with the assumption of a flat ΛCDM expansion history; 3) we vary all cosmological parameters including w using w(a) = w 0 + w a (1 − a) . In each case, we again consider the s = 1 and s = 3 models. Fig. 2 shows constraints on Σ s and µ s in the three scenarios above. Again, thanks to the complementarity of WL and PV measurements, the constraints on these MG parameters are very tight (solid contours) if we fix the other cosmological parameters. However, if we marginalise over the uncertainties in the other cosmological parameters, then the constraints on Σ s and µ s are degraded by an order of magnitude: the dotted contours in Fig. 2 represent the full marginalization over other cosmological parameters allowing w to vary, while the inner dashed contours represent the w = −1 case.
In Table 2 , we present the expected constraints on µ s and Σ s for the three scenarios discussed above. For comparison, we also provide in the table the current constraints on these MG parameters and even in the most conservative case (allowing w to vary), the future satellite constraints should be at least 20 times better. It is interesting to note the difference between the s = 1 and the s = 3 model. As s decreases, the expected departure from GR starts at an earlier epoch thus resulting in a stronger constraint.
Comparing the current constraints in Fig. 1 and the future forecasts in Fig. 2 , we notice a change in the orientation of the Σ s − µ s contours. Namely, in the current constraints, there is an anti-correlation between Σ s and µ s , while for the future forecasts, this turns into a positive correlation. We note that without inclusion of the PV information there is still an anti-correlation between Σ s and µ s in the forecast as well, so it is the inclusion of PV which is changing the orientation.
This change in orientation is due to the effect of marginalising over other cosmological parameters. To better understand this effect, let us examine the effect of marginalizing over ω m . When we examine the covariance between different cosmological parameters for a PV experiment, we find that both Σ s and µ s are strongly anti-correlated with ω m , and to a lesser extent with w 0 , n s , θ S , ω b and A S ; this means, for instance, that an increase in µ can be compensated for by a decrease in ω m . Equally, if one decreases ω m , the WL data can be fitted if one also increases Σ. As a result, given precise measurements for both PV and WL, Σ s and µ s can become positively correlated, as they may both change in the same sense to oppose a change in ω m in the opposite sense. However, if the PV data are sufficiently noisy, the anti-correlation of µ and Σ exhibited in the WL constraints alone (see Fig. 1 ) will dominate.
V. TOWARDS MODEL INDEPENDENT CONSTRAINTS ON MG PARAMETERS
As we saw in section III and section IV, constraints on µ s (and to a lesser degree Σ s ) depend strongly on the assumed value of s. One may wonder if it is possible to extract any model-independent information about µ from the current PV and WL data. In principle, one can bin µ into a large number of narrow redshift bins and find their best constrained uncorrelated linear combinations -the so-called eigenmodes [7, 45, 46] . In practice, this would be a numerically challenging project, given the large range of z over which variations of µ can affect the growth. However, one would expect that with PV and WL measurements at a single redshift z * , one would constrain just one of the eigenmodes, corresponding to a net change in µ over 0 < z < z * . The tightness of the constraint would depend on how early the departures from µ = 1 are allowed to start, because an earlier change in µ results in a larger change in the growth factor throughout z.
To demonstrate this point, we try fitting µ (which can be any constant over a wide bin) between z s and z = 0, and then setting µ = 1 for z > z s . Note that this is not quite the same as the s = 0 case in Eqn. (6) , as in this equation we do not explicitly require µ to be exactly unity above a certain redshift. The results for the choices of z s = 2 and z s = 10 are shown as shaded boxes in the top right and left panels respectively of Fig. 3 . As expected, the constraint on the constant bin is much stronger in the z s = 10 case.
However, the analysis of the SDSS DR7 LRGs provides measurements of the peculiar velocities of galaxies at more than one redshift, i.e. we have measurements at z 1 = 0.25 and z 2 = 0.38. Therefore, one could ask if it is possible to obtain additional information about the variation of µ between z 2 and z 1 independent of the assumed value of z s . To address this, we examine µ in two bins, namely µ A in [z 1 , z 2 ] and µ B in [z 2 , z s ], with µ = 1 for z > z s .
The constraints on these two bins are shown again in Fig. 3 for the two cases of z s = 2 and z s = 10. As expected, the constraint on µ is tight in the higher redshift bin, with the error bar being much smaller for the z s = 10 case. On the other hand, the errors on the low redshift bin are much larger. Interestingly, however, they are effectively independent of the choice of z s , as is the correlation coefficient between the two bins.
By diagonalising the covariance matrix we find the uncorrelated linear combinations of the two bins to be q A = 0.9973µ A − 0.0737µ B and q B = 0.0737µ A + 0.9973µ B for the z s = 2 case and q A = 0.9993µ A − 0.0364µ B and q B = 0.0364µ A + 0.9993µ B for the z s = 10 case. One can see from Fig. 3 that the error on the better constrained eigenmode depends strongly on z s , while the error on the second eigenmode stays the same. This demonstrates that having measurements at multiple redshifts can produce constraints on the variation of µ at low redshifts that are independent of its assumed time-dependence at high redshifts. Finally, we note that the values for µ found in the two bins do not show any deviation from the GR predictions.
VI. CONCLUSION
In this paper, we have explored the complementarity of weak lensing and peculiar velocity measurements to obtain better constraints on the modified gravity parameters µ and Σ, as defined in Eqns. (4) and (5) . Peculiar velocity measurements are only sensitive to variations of µ, thus breaking the degeneracy between µ and Σ found when using just the weak lensing measurements. Using a simplified parametrization for µ and Σ (see Eqn. 6), we have derived the first constraints on µ and Σ using weak lensing measurements and peculiar velocity measurements (from CFHTLS and SDSS respectively). Assuming a flat ΛCDM background cosmology, so that here any modifications to gravity are probed by structure growth, the best constraints we find using both datasets together are µ 1 = −0.002 ± 0.59 and Σ 1 = 0.11 . It is assumed that mu = 1 above zs = 2 (left) and above zs = 10 (right). In addition we display (grey box) results for constant µ below redshift zs = 2 (left) and below zs = 10 (right) when PV is combined with CMB shift parameter and SNe. The lower panels show the linear combination of µA and µB that diagonalise the covariance matrix.
for s = 3 (95% confidence limits). These results are consistent with the expectation from General Relativity, namely µ 1 = µ 3 = Σ 1 = Σ 3 = 0. As shown in Table 1 , these constraints are much worse if the WL and PV data are used separately, in which case some of the parameters become unconstrained. We also performed a Fisher error forecast for a spacebased Dark Energy mission like Euclid. For example, assuming a flat ΛCDM cosmological background, we predict that the constraints on the modified gravity parameters are improved by at least an order of magnitude or more, e.g. σ(µ 1 ) = 0.037, σ(Σ 1 ) = 0.032 and σ(µ 3 ) = 0.068, σ(Σ 3 ) = 0.038 (see Fig. 2 and Table II for the full details). It is interesting to note that the expected precision on these errors is comparable in size to the present-day uncertainties on cosmological parameters like w (approximately known to 10% today) and Ω m (∼ 5% error from present observations). Therefore, a Euclid-like mission will deliver outstanding constraints on modified gravity as well as improving errors on the background cosmological parameters.
That said, we found that the constraints on µ depend strongly on the assumed time variation of this parameter, i.e. s in Eqn. (6) . We have therefore proposed a method for extracting model-independent information about µ by examining µ in different redshift bins. For the SDSS DR7 PV measurements, we have used two bins and are able to obtain a model-independent constraint on µ at low redshifts which is again consistent with expectations for GR (see Fig. 3 ). This demonstrates that having PV measurements at multiple redshift intervals can produce a constraint on the variation of µ, at low redshifts, which is independent of the assumed time dependence at high redshifts. This technique will become increasingly important in the next few years as new peculiar velocity measurements are published from surveys like WiggleZ [47], BOSS and VIPERS.
